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The aim of this note is to remark that the injectivity theorems of Kollar and Esnault- 
Viehweg can be used to give a quick algebraic proof of a strengthening (by dropping the positivity 
hypothesis) of the Skoda-type division theorem for global sections of adjoint line bundles vanishing 
along suitable multiplier ideal sheaves proved in |ELj , and to extend this result to higher cohomol- 
ogy classes as well (cf. Theorem 14. ip . For global sections, this is a slightly more general statement 
of the algebraic version of an analytic result of Siu [Siuj based on the original Skoda theorem. In 
§4 we list a few consequences of this type of result, like the surjectivity of various multiplication 
or cup-product maps and the corresponding version of the geometric effective Nullstellensatz. 

\Q 

qq | Along the way, in §3 we write down an injectivity statement for multiplier ideal sheaves 

(Theorem 13. If) , and its implicit torsion- freeness and vanishing consequences (Theorem 13. 2\i . They 
are not required in this generality for the main result here (see the paragraph below), but having 
them available will hopefully be of use. Modulo some standard tricks, the results in §3 reduce 
quickly to theorems of Kollar [Kol] and Esnault-Viehweg [EVj . and we do not claim originality 
£^ | in any of the proofs. 

All of the results are proved in the general setting of twists by nef and abundant (or good) 
line bundles, which replace twists by nef and big line bundles required for the use of vanishing 
■ theorems. In particular, what is used in the proof of the main Skoda-type statement is a Kollar 

vanishing theorem for the higher direct images of adjoint line bundles of the form Kx + L, where 
L is the round-up of a nef and abundant Q-divisor. For such vanishing, the only contribution we 
bring here is a natural statement that seems to be slightly more general that what we found in 
the literature (cf. Corollary 13.3( 4)). The proof is otherwise standard, after establishing a simple 
lemma on restrictions of nef and abundant divisors in §2. 

Mel Hochster has given a beautiful treatment to local statements of Briangon-Skoda-type in 
positive characteristic, using tight closure techniques. We are very happy to be able to contribute 
work in a similar circle of ideas to a volume in his honor. 



LE was partially supported by the NSF grant DMS-0200278. MP was partially supported by the NSF grant 
DMS-0500985 and by an AMS Centennial Fellowship. 
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2. Preliminaries 

Injectivity. We always work with varieties defined over an algebraically closed field of charac- 
teristic zero. We first recall that the approach to vanishing theorems described by Esnault and 
Viehweg in |EVj produces the following injectivity statement!]]: 

Theorem 2.1 (|EV] 5.1). Let X be a smooth projective variety, and let L be a line bundle on X. 
Assume that there exists a reduced simple normal crossings divisor Aj such that we can write 
L ~q ^2 i 5{Ai, with < 5i < 1 for all i. If B is any effective divisor supported on ^ Aj, then 
the natural maps 

W(X, O x {K x + L)) — > W(X, Ox{K x + L + B)) 

are infective for all i. 

Nef and abundant divisors. Recall next that a nef Q-divisor D is called abundant (or good) if 
k(D) = v{D), i.e. its Iitaka dimension is equal to its numerical dimension (the largest integer k 
such that D k -Y + for some Y C X of dimension k). Note that a semiample divisor is abundant, 
and so is a big and nef one. Recall the following basic description due to Kawamata: 

Lemma 2.2. Proposition 2.1 and |EVj Lemma 5.11) For a Q-divisor B on a normal 

projective variety X the following are equivalent: 

(1) B is nef and abundant. 

(2) There exists a birational morphism <p : W — » X with W smooth and projective, and a 
fixed effective divisor F on W , such that for any m sufficiently large and divisible we can write 
<f)*{mB) = A + F , with A semiample. 

The following simple restriction statement will be used to note that Kollar vanishing holds 
for higher direct images of Kx + B with B nef and abundant without restrictions, a fact needed 
here, and slightly stronger than results stated in the literature (cf. Theorem [321 (3) and Corollary 

E3(4)). 

Lemma 2.3. Let X be a normal projective variety and B a nef and abundant Q-divisor on X . 

(1) If L is a globally generated line bundle on X, and D E \L\ a general divisor, then B\ D is also 
nef and abundant. 

(2) If C is another nef and abundant Q-divisor on X, then B + C is also nef and abundant. 

(3) If f : Y — > X is a surjective morphism from another normal projective variety, then f*B is 
nef and abundant. 

Proof. For (1), we only need to show that B\£, is abundant. This follows most easily from the 
description above. Consider a birational morphism (j) : W — > X as in Lemma 12.21 If D is the 
proper transform of D, we can choose D such that <^>m is an isomorphism at the generic point 
of D, D is smooth, and no component of D is contained in Supp(-F). In this case we have an 
induced decomposition (0|^)*(mSm) = A,^ + F,^ for all m sufficiently large and divisible. By 



^Note that [EVj 5.1 contains a slightly more general statement which allows for adding an extra effective divisor 
under some transversality conditions. We will not make use of this here. 
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Lemma [2.2l this shows that B\ D is abundant. Parts (2) and (3) follow immediately from the same 
characterization in Lemma [2.21 □ 

Remark 2.4. Although we will not use this, it is worth pointing out the following more precise 
statement, which can be obtained by a closer analysis of the characterization in [KaJ Proposition 
2.1: in the setting of Lemma l2.3[ assume that k(B) = k. We always have B k -L n ~ k > 0, and when 
the restriction Bm is nef and abundant, then K(Bm) = k iff B k ■ L n ~ k > 0, while k,(B\£)) = k — 1 
iff B k ■ L n ~ k = 0. 



3. INJECTIVITY FOR Q-DIVISORS AND MULTIPLIER IDEALS 

In this section we write down the proof of an injectivity statement for multiplier ideals. 
This is a consequence of Theorem 12.11 and it follows quickly from it via standard tricks. For the 
appropriate level of generality, we use multiplier ideals associated to ideal sheaves. The equivalent 
divisorial condition (on the log-resolution) is stated at the beginning of the proof. Note that all 
throughout by Q-effective we mean Q-linearly equivalent to an effective divisor. 

Theorem 3.1. Let X be a smooth projective variety, a C Ox o,n ideal sheaf, and L a line bundle 
on X. Consider also A a line bundle with A <g> a globally generated, B an effective divisor, and 
X 6 Q such that: 

• L — XA is nef and abundant and 

• L — XA — eB is Q-effective, for some < e < 1. 

Then the natural maps 

H\X, Ox(K x + L) ® J(X, a A )) — ► W{X, O x (K x + L + B) ® J(X, a A )) 
are infective for all i. 

Proof. Let / : Y — > X be a log-resolution of the ideal o, with o • Oy = Oy{—E). The two 
hypotheses in the Theorem imply that: 

• f*L - XE = f*(L - XA) + X(f*A - E) is nef and abundant (by LemmaEp) and (3)) 

• f*L - XE - ef*B is Q-effective, for some < e < 1. 

We recall that by definition J{X, o A ) = f^OyiKy/x ~ [^E]). The projection formula and the 
Local Vanishing theorem (cf. |Laz] 9.4.4) imply that we have isomorphisms 

H\Y, Oy(K Y + f*L - [XE])) * H\X, O x (K x + L) J(X, a A )) 

and the analogues with B added. Thus it is enough to show injectivity on Y, namely for the maps 

H\Y, Oy(K Y + f*L - [XE])) — ► H\Y, Oy(K Y + f*L - [XE] + f*B)). 

By assumption there exists an a £ N such that a(f*L — XE — ef*B) ~ B', where B' is an 
integral effective divisor. On the other hand f*L — XE is nef and abundant, and we may assume 
that the log-resolution / factors through the birational morphism (p of Lemma 12.21 Consequently 
we can write f*L — XE = A' + F, with A' a semiample Q-divisor and F an effective Q-divisor 
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with fixed support but arbitrarily small coefficients. In particular, for N >> we can write 
{N—a)A! ~ P, where P is a reduced, irreducible divisor. We can then write down a decomposition 

f*L — XE = ^(a(f*L - XE) + (N - a) A' + (N - a)F) ~ Q 

(1) ~ Q af*B + (3B 1 + 1 P + ^j^F, 

with a, (3 and 7 arbitrarily small. 

We claim that by passing to a log-resolution of the pair (A, E + f*B + B' + P + F), we 
can assume in addition that everything is in simple normal crossings. Let's assume this in order 
to conclude. Denote A' := XE — [XE]. Using ([3]), we can write: 

f*L - [XE] ~ Q A' + af*B + 0B' + 7 P+ —^F. 

Note that A' may have common components with some of the other divisors appearing in the 
expression on the right hand side. However, since their coefficients can be made arbitrarily small, 
we can assume that every irreducible divisor in the sum appears with coefficient less than 1. 
Consequently we can apply Theorem 12.11 with the role of L played by f*L — [XE], and that of B 
by f*B. 

It remains to prove the above claim. To this end, note that with our choices we have the 
following: if we denote 

N — a 

T:=A' + af*B + f3B' + 7 P + ~j^F, 

then (y, T) is a kit pair, and we saw that f*L — [XE] ~q T. Let g : Z — > Y be a log-resolution of 
(Y,T). We have then that 

J(Y,T) = g*O z (K z/Y - [g*T]) * O y . 

Applying again the Local Vanishing theorem cited above, we see then that it is enough to 
prove injectivity on Z, for the map 

H\Z,O z (K z + g*{rL-{XE]) - [g*T])) — > H\Z, O z (K z + g*(f*L - [XE]) - [g*T] + g* f*B)). 

But g*(f*L — [XE]) — [g*T] ~q {g*T}, which reduces us to the simple normal crossings situation. 

□ 



Theorem 13.11 implies standard torsion-freeness and vanishing consequences for images of 
twisted multiplier ideal sheaves, in analogy with Kollar's |Kolj Theorem 2.1. 

Theorem 3.2. Let X be a smooth projective variety, and f : X — > Y a surjective morphism to a 
projective variety Y . Let a C Ox be an ideal sheaf, and A a line bundle on X such that A® a is 
globally generated. Let X £ Q and L a line bundle on X such that L — XA is nef and abundant. 
Then: 

(1) Kf+(O x {Kx +L)® J{a x )) are torsion-free for all i. 

(2) WfJpxiKx + L)® J(a x )) = 0fori> dim(X) - dim(Y). 

(3) W{Y, &f+{Px{Kx +L)® J(a x )) <S> M) = for all i and all j > 0, where M is any big and 
nef line bundle on Y . 
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Proof. For the convenience of the reader we sketch briefly how this can be deduced from injectivity, 
in this case Theorem 13.11 All the main ideas are of course contained in [Kolj and [EV]. 

The assertion in (2) is an immediate consequence of (1) and base change. For (1), consider 
N a sufficiently positive line bundle on Y. If R 1 f*{Ox{Kx + L) (g> J{a x )) had torsion, we would 
be able to choose D € \N\ such that the natural map on global sections 

H°(Y, R l MOx(K x + L)0 J(a x )) ® N) - H°(Y, tff*(p x (K x + L) ® J(a x )) ® N{D)) 

is not injective. On the other hand, for N positive enough, by the degeneration of the correspond- 
ing Leray spectral sequences we see that the map above is the same as the natural homomorphism 

IP{X, Ox(K x + L + f*N) ® J{a x )) - H\X, O x (K x + L + fN + f*D) ® J(o A )). 

Note that f*N is semiample on X, and so by Lemma I2.3f 2) the Q-divisor L + f*N — XA is still 
nef and abundant. We can then apply Theorem 13.11 to derive a contradiction, since the other 
condition in the theorem is obviously satisfied. 

For (3) one uses induction on the dimension of X. We only sketch the proof in the case M 
is ample, which implies the big and nef case via a standard use of Kodaira's Lemma. For some 
integer p >> 0, consider Yq € \pM\ a general divisor, so that Xq = / _1 (lo) is a smooth divisor 
in X. Fix an i, and for simplicity let us denote T := O x {K x + L) ® J(a x ). We have an exact 
sequence 

— > T — HXo) — > ^(^o)|x — » 0. 
Pushing this forward to Y, for each % we get exact sequences 

— > i?7*jr — ► Wf^T{X^) — > i?7*(^o)|x ) — » 0. 

The reason these sequences are exact at the extremities is that by (1) the sheaves R l f*J- are 
torsion-free, while -R 1 /* (^ r (Xo)|x ) are generically zero. Twisting this with M, and recalling that 
p >> 0, we immediately obtain 

fp'+ 1 (y ) R i f if J r ® M) ^ ^'(r ,-R7*(^o)|Xo) ® M Yo)> f o r all j > 1. 
Since lo was chosen general, the restriction (L — \A)\x is still nef and abundant by Lemma 
EK1), while by [Lai] 9.5.35 we have that J(a x ) ■ Xo = J(a x ■ Xo )- Thus, by induction on the 
dimension, we can apply (3) to the right hand side above, and deduce the conclusion on Y for 

i>2. 

We are left with the case j = 1. Consider again p >> 0, and choose a divisor D £ so 
that .ff^y, R l f^T <8> M{D)) = 0. We have a Leray spectral sequence 

Ef := H j (Y, R l U^ g> M) => H i+j (X, T ® /*M). 

By the previous paragraph the E^'* are zero fo r J — 2, which by chasing the spectral sequence 
easily gives that we have an injective map 

H 1 (Y, ® M) — ► (X, F®f*M) 

Analogously, there is a similar injective map after twisting with D. But Theorem 13.11 provides 
the injectivity of the map 

H i+1 (X,F ® /*M) — ► i7 i+1 (A,J c '® f*M(D)), 

so finally all of this implies that the map 

H 1 {Y 1 R i Ur®M) — > H l {Y, R l <g> M(D)) 
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is also injective. However this last group is zero. □ 

A special case of the two theorems in this section is the following result for Q-divisors. The 
first part is already explicitly stated by Esnault-Viehweg [EV] . and is an extension of Kollar's 
Injectivity Theorem [Kol] . Theorem 2.2. Parts (2) and (3) of course follow directly from it. Part 
(4) is stated a little less generally in [EV] 6.17(b) - we will need however the fomulation below. 

Corollary 3.3. Let L a line bundle on a smooth projective X, and A = JjAj a simple normal 
crossings divisor with < Si < 1 for all i. Assume that L — A is nef and abundant, and B is an 
effective Cartier divisor such that L — A — eB is Q- effective for some < e < 1. Consider also a 
morphism f : X — > Y , with Y projective. Then: 

(1) ([EV\ 5.12(b).) The natural maps 

H\X, O x {K x + L)) — > H\X, O x {K x + L + B)) 

are injective for all i. 

(2) R l f*Ox{Kx + L) are torsion-free for all i. 

(3) Rf^OxiKx + L) = fori> dim(X) - dim(Y). 

(4) Hi (Y, R l f*Ox{Kx + L) ® M) = for all i and all j > 0, where M is any big and nef line 
bundle on Y . 

4. Skoda- type global division theorem 

For the objects involved in the statement below recall the following. If / : Y — > X is a 
common log-resolution for ideal sheaves o and b, with o-Oy = Oy{—E) and b-Oy = Oy(—F), and 
if fj,, A G Q + , then the "mixed" multiplier ideal is defined as J{al x ■ b x ) = f^OyiKy/x ~ {^E+XF}) 
(cf. |Lazj 9.2.8). For a line bundle B on X, we say that B®b x is nef and abundant if the Q-divisor 
f*B — \F is nef and abundant on Y. These definitions are independent of the log-resolution we 
choose. 

Theorem 4.1. Let X be a smooth projective variety of dimension n, and a, b C Ox ideal sheaves. 
Consider line bundles L and B on X such that L <8> a is globally generated, and B (£ib x is nef and 
abundant for some A G Q+. Then for every integer m > n + 2, the sections in 

H°(X, Ox(K x + mL + B)® J(a m ■ b A )) 

can be written as linear combinations (with coefficients in H°(L)) of sections in H°(X,Ox(Kx + 
(m — \)L + B) (g> J(o. m ~ x ■ b x )). More generally, for every i > 0, the cohomology classes in 

H l (X, Ox (K x + mL + B) ® J(a m ■ b A )) 

can be written as linear combinations (with coefficients in H°(L), via cup product) of classes in 
H^X, Ox(K x + (m- 1)L + B) ® J{a m ~ l ■ b x )). 

Proof. Let / : Y — > X be a common log-resolution for a and b, with a • Oy = Oy(—E), and 
b • Oy = Oy(—F). Let's assume that L ® a is generated by s > n + 1 sections spanning a linear 
subspace V C H°L. In fact, it will be clear from the proof that if L ® o happens to be spanned 
by p < n sections, then the result can be improved, with an identical argument, replacing n + 1 
by p. 
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The line bundle A := f*L — E will be generated by the corresponding space of sections in 
H°(A), which we denote also by V. Denote by g : Y — ► Z C P s_1 the map it determines, so that 
A = g*Oz{^-)- The goal is to prove the surjectivity of the multiplication map: 

V ® H°(X, Ox(K x + (m - l)L + B)® J {a 171 - 1 ■ b x )) -> H°(X, O x (K x + mL + B)® J(a m ■ b A )). 

Note however that by definition 

J(a k ■ b A ) = f*0 Y (K Y/x -kE- [XF]) for all k, 

and so this is equivalent to the surjectivity of the multiplication map 

V®H°(Y, Y (K Y +(m-l)f*L+f*B-(m-l)E-[\F])) -» H°(Y, Y (K Y +mf*L+f*B-mE-[XF})). 

Recall the notation A = f*L—E, and denote N = f*B — [XF], which by assumption can be written 
as a nef and abundant Q-divisor plus a simple normal crossings boundary divisor. Rewritting the 
above, we are then interested in the surjectivity of the multiplication map 

(2) V ® H°(Y, O y (K y + (m - 1)A + N)) -» H°(Y, O y (K y + mA + N)). 

We compare this with the picture obtained by pushing forward to Z via g. Note that V 
can be considered as a space of sections generating Oz(l)- It is well known that this gives rise to 
an exact Koszul complex on Z (cf. e.g. [Lazj . beginning of Appendix B.2): 

O^AY® O z (-s) A 2 V ® O z (-2) -^V® Oz(-l) ^O z ^0. 

We twist this with the sheaf g*0 Y (K Y + N) ® Oz(m), which preserves the exactness of the 
sequence H 

0^AY8 O z (m - s) ® 5 *0y (ify + JV) -»> . . . ->• 

^V® O z {m - 1) ® 5*Cv(i^Y + AT) -» Oz(m) 5*Cy(^v + iV) ^ 0. 

Since A = g*O z (l), the surjectivity of the map in ((2J) is equivalent to the surjectivity of the 
multiplication map 

V ® - 1) ® 5*0y(^v + W)) -» ^°(^, Oz(m) ® g*<D Y (K Y + JV)) 

induced by the taking global sections in the Koszul complex above. But since m > n + 2, by the 
line bundle case of Corollary 13.31 (4) we have 

H j {Z, O z (m - i) ® g*0 Y {K Y + N)) = 0, for all j > and j < n + 1. 

By chasing through the induced short exact sequences, this easily implies that the entire Koszul 
complex stays exact after passing to global sections. (Note that beyond i = n + 1 we are only 
interested in cohomology groups as above for j > n, which are automatically 0.) This proves the 
statement for global sections. 

The proof of the general statement for cohomology classes is similar. Note first that again 
because of Corollary 13.31 (4), for higher direct images, we have that for every i and every k > 0, 
the Leray spectral sequence degenerates to an isomorphism 

H\Y, O y (K y + kA + AO) H°(Z, R l g*0 Y (K Y + N) ® O z {k)). 



Note that the Koszul complex is locally split, and its syzygies are locally free, so twisting by any coherent sheaf 
preserves exactness. 
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But, exactly as above, the same vanishing applied yet again, for R}g*Oy{Ky + N), implies that 
after twisting the Koszul complex with R l g*Oy{Ky + N) and passing to global sections, we obtain 
a surjection 

V ® H°(Z, O z (m - 1) ® &g*Oy(K Y + N)) -» fl°(Z, <9 z (m) ® Ejg^OyiKy + AT)). 
This implies that we have the surjectivity of the cup product 

V ® iJ^Y, 0y(AV + (m - l)A + iV)) -» iJ^Y, Oy(Ky + mA + N)). 
On the other hand, by the Local Vanishing theorem (cf. [Laz| 9.4.4) we have that 

R j UOy{Ky -kE- [XF]) = 0, for all j > and k > 
so consequently, for all i, 

H\X, Ox(K x + kL + B)® J(a m • b A )) W{Y, O y {K y + kA + N)) 
and the result follows. □ 

By taking b = Ox in the Theorem we obtain the following: 

Corollary 4.2. In the notation of Theorem \4-l\ if B is a nef and abundant line bundle (for 
example B = Ox), we have that for every m > n + 2 and every i, the cohomology classes in 

H*(X, Ox{K x +mL + B)® J{a m )) 

can be written as linear combinations of classes in H l (X, Ox(Kx + (jn — 1)£ + B) <S> ^(a" 1-1 )). 

In the case of global sections, i.e. % = 0, this is an improvement of the Global Divison 
Theorem of [EL] (cf. Laz| . Theorem 9.6.31): one does not require twisting with an ample (or big 
and nef) line bundle^ Also for i = 0, it is a slightly more general version of the algebraic version 
of the Skoda-type theorem proved in the anaytic context in |Siu] Theorem 1.8.3. Note that the 
method used here does not distinguish between global sections and higher cohomology classes. 
The case of trivial multiplier ideals already yields a slightly surprising statement even in the case 
B = O x . 

Corollary 4.3. If L is a globally generated line bundle and B is a nef and abundant line bundle, 
on a smooth projective variety X of dimension n, then for all m > n + 2 and all i > the cup 
product maps 

H°(X, L) ® H\X, Ox{K x + (m - 1)L + B)) — > W{X, O x {K x +mL + B)) 
are surjective. 

An interesting consequence of this involves multiplication maps of globally generated adjoint 
line bundles. When B is globally generated, this is the statement of [Siu] Theorem 1.8.4. 

Corollary 4.4. Let B be a nef and abundant line bundle on X such that the adjoint bundle 
L := Kx + B is globally generated. Then mL is projectively normal for all m > n + 2 and the 
section ring R L = H°(mL) is generated by H°(mL)E 

m>0 m<n+2 



^Note though that in order to do this we have to start with m = n + 2 as opposed to m = n + 1. 
In particular, if L is also ample, then mL is very ample for m > n + 2. This can be shown directly though 
using Castelnuovo-Mumford regularity. 
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Proof. Corollary 14.31 implies that for all m > n + 2 we have the surjectivity the multiplication 
map 

H°(L) ® H°(mL) — ► H°((m + 1)L), 
which implies the generation statement. By iteration we obtain the surjectivity of the map 

H°(L)® k <g> H°(mL) — ► H°((m + k)L), 
for all k > 1, which has as a special consequence the projective normality of ml. □ 

For completeness, note that the statement of Corollary 14.3^ at least for B = Ox, holds also 
for higher direct images of canonical bundles. 

Proposition 4.5. Let X and Y be projective varieties, with X smooth and Y of dimension n, 
and let f : X — > Y be a surjective morphism. Consider a globally generated line bundle LonY. 
Then, for all m > n + 2 and all i,j > ; the cup product maps 

H°{Y, L) ® H\Y, R j Uu x ® Oy((m - 1)£)) — * ® Y {mL)) 

are surjective. 

Proof. The proof goes along the same lines as the proof of Theorem 14.11 We use the morphism 
g : Y — > Z induced by L and the corresponding Koszul complex on Z. The extra thing to note is 
that the vanishing 

H k {Z,K l g*R j f*u} X ®O z (l)) = 0,Vk,l>0 
still holds, according to [Ko2] Theorem 3.4. □ 

One also obtains a similar weakening of the hypotheses under which the Geometric Effective 
Nullstellensatz, [EL] Theorem (iii) (cf. also [Laz| Theorem 10.5.8) holds, by plugging the statement 
of Theorem 14.11 into the original proof of loc. cit. 

Corollary 4.6 (Geometric effective Nullstellensatz). Let X be a smooth projective variety, a C 
Ox an ideal sheaf, and L an ample line bundle on X such that L ® a is globally generated, say 
by sections gj G H°(L ® a). Consider also a nef and abundant line bundle B on X. Then, for all 
m > n + 2, if a section 

g G H°(X, Ox(K x +mL + B)) 

vanishes to order at least (n + 1) • deg^X at a general point of each distinguished subvariet^ of a, 
then g can be expressed as a linear combination hjgj, with hj G H°(X, Ox{Kx + {m—l)L+B)). 

Acknowledgements. We would like to thank the referee for a very detailed reading of the paper 
and for useful suggestions. 



Recall that this means the following: if / : Y — > X is the normalized blow-up of X along a, and a ■ Oy = 
Oy(— ^2<iiEi), then the distinguished subvarieties of a are the images of the Ei's in X - cf. |EL] §2. 
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